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1 Introduction
According to the conjecture of Calabi, on a complex manifold X with ample
canonical bundle KX , there should exist a Ka¨hler-Einstein metric g. Namely, a
metric satisfying Ricg = −ωg, where ωg is the Ka¨hler form of the Ka¨hler metric
g. The existence of such metric when X is compact was proved by Aubin and
Yau ([23]) using complex Monge-Ampe`re equation. This important result has
many applications in Ka¨hler geometry. Starting with this important result, Yau
initiated the program of applying Ka¨hler-Einstein metrics to algebraic geometry
([20]). It was realized by him the need to study such metrics for quasi-projective
manifolds ([21]) and their degenerations. The original proof of [23] was a purely
existence result. Later the existence of C1(X) < 0 Ka¨hler-Einstein metrics was
generalized to complete complex manifolds by Cheng and Yau ([5]), where other
than existence the proof also exhibits the asymptotic behavior of the Ka¨hler-
Einstein metric near the infinity boundary.
Since Ka¨hler-Einstein metric is canonical for a complex manifold, one would
expect its structure to be closely related to the topology and complex geometry
of the manifold. In this work we will explore one such relation between the
convergence of Ka¨hler-Einstein manifolds in the sense of Cheeger-Gromov and
the algebraic degeneration of the underlying algebraic manifolds.
From algebraic geometry point of view, when discussing the compactification of
the moduli space of complex manifold X with ample canonical bundle KX , it is
necessary to consider a holomorphic degeneration family π : X → B such that
Xt = π
−1(t) are smooth except for t = 0, and such that the canonical bundle of
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Xt for t 6= 0 as well as the dualizing sheaf of X0 are ample line bundles. Such
degeneration will be called canonical degeneration.
For t 6= 0, the works of Aubin and Yau imply the existence of a unique Ka¨hler-
Einstein metric gt on Xt. For t = 0, assume the central fibre X0 =
l⋃
i=1
Di.
Under certain conditions, the work of Cheng and Yau implies the existence of
a complete Ka¨hler-Einstein metric g0,i on each Di \
⋃
j 6=i
Dj . It is interesting
to understand the relation between gt for t 6= 0 and the collection of complete
g0,i’s. Such understanding will provide structure results on the Ka¨hler-Einstein
metric gt (which was only known to exist previously) based on the structure of
g0,i’s. G. Tian made the first important contribution (in [17]) in this direction.
He proved (in [17]) that the family of Ka¨hler-Einstein metrics gt on Xt is con-
vergent in the sense of Cheeger-Gromov to the complete Ka¨hler-Einstein metric
g0 = {g0,i}
l
i=1 on the smooth part of X0 under the following three assumptions:
(1). the total space X is smooth;
(2). the central fibre X0 =
l⋃
i=1
Di has only normal crossing singularities;
(3). any three of the Di’s have empty intersection.
Following Tian’s framework authors of [6] and later [11] improved Tian’s result
by removing assumption (3). Notice that for most natural examples of canonical
degeneration, the total space X is not smooth, and there are a lot of canoni-
cal degeneration singularities that cannot be reduced to normal crossing case.
Therefore, there are very few natural examples beyond the curve case where the
normal crossing results ([17, 6, 11]) apply.
One of the main purposes of this work is to give a class of interesting con-
crete global examples, where the theory of the degeneration of Ka¨hler-Einstein
manifolds applies. More specifically, we will discuss the convergence of complete
Ka¨hler-Einstein hypersurfaces in complex torus in the sense of Cheeger-Gromov.
In the situations we are interested, the central fiber X0 of the underlying alge-
braic degeneration is almost never normal crossing globally. In fact, the under-
lying algebraic degenerations are naturally toroidal canonical degenerations. In
[12], we generalized result and method in [11] to the case of toroidal degener-
ation. Methods developed in [12] will enable us to deal with degeneration dis-
cussed in this paper. Notice that the large class of natural examples discussed in
this paper concern the convergence of complete Ka¨hler-Einstein manifolds with
finite volume. In [15], we will discuss another large class of natural examples
concerning the convergence of complete Ka¨hler-Einstein manifolds with infinite
volume.
2
The examples discussed in this paper are inspired by our previous work [10]
on the “large complex structure limit” degeneration phenomenon that was first
discovered by Viro [19] in his work of curve patching. This original idea of
Viro has many interesting applications in very diverse problems. For example,
it was applied by Mikhalkin [7] to real algebraic curves, by Sturmfels [16] to
solving algebraic equations and by our previous work [10] to Lagrangian torus
fibrations and mirror symmetry. From (symplectic) topology point of view, [10]
and [8] indicate that complex hypersurfaces in complex torus admit “generalized
pair of pants” decomposition induced by such degeneration in terms of singular
(Lagrangian) fibration. For example, Ct = {(z1, z2) ∈ (C
∗)2 : pt(z1, z2) = 0}
with
pt(z1, z2) = t
3(1 + z31 + z
3
2) + t(z1 + z
2
1 + z2 + z
2
2 + z1z
2
2 + z
2
1z2) + z1z2
defines a family of cubic curves in complex 2-torus, which topologically are
elliptic curves with 9 points removed. When t goes to zero, Ct degenerate
into 9 “pair of pants” (CP1 with 3 points removed that can be identified with
{z1 + z2 + 1} ⊂ (C
∗)2). This example can also be viewed as an explicit realiza-
tion of Deligne-Mumford stable degeneration of elliptic curves with 9 marked
points into a stable curve as the union of 9 pair of pants. (For more detail of
this degeneration construction and its higher dimensional generalization, please
refer to section 3.) Our current work (theorem 6.2) will show that the conver-
gence of the corresponding canonical Ka¨hler-Einstein hypersurfaces in the sense
of Cheeger-Gromov will canonically degenerate the underlying manifolds into
“generalized pair of pants” decomposition. This result brings yet another inter-
esting relation between the Ka¨hler-Einstein metric and the complex, symplectic
geometry and topology of the underlying manifold.
Another main objective of this paper is to find interesting examples of minimal
Lagrangian submanifolds in Ka¨hler-Einstein manifolds with negative first Chern
class. Such minimal Lagrangian submanifolds were first discussed in [1]. Up to
now, most known examples of such minimal Lagrangian submanifolds are either
the fixed point set of an anti-holomorphic automorphism of the Ka¨hler-Einstein
manifold or explicit local examples. In our opinion, such minimal Lagrangian
submanifolds arise most naturally as the vanishing cycles of degeneration of
Ka¨hler-Einstein manifolds with negative first Chern class. In [14], we developed
deformation techniques to construct such minimal Lagrangian vanishing cycles
in general. Applying techniques from [14], we are able to represent the vanishing
cycles of the degeneration discussed in this paper by minimal Lagrangian tori
in the corresponding Ka¨hler-Einstein hypersurfaces (theorem 8.2). In the curve
case, the minimal Lagrangian tori are just minimal geodesic circles that will
canonically divide smooth Ct near the degeneration into a union of hyperbolic
pairs of pants.
The paper is organized as follows. Section 2 summarizes the basic facts from
Riemannian geometry that are needed for our work. Section 3 introduces the
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algebraic framework and structure of the degenerating family {Xt} of hypersur-
faces and discusses its canonical limit X˜0. In sections 4,5,6, we carry out the
proof of the convergence of Ka¨hler-Einstein hypersurfaces in complex torus in
the sense of Cheeger-Gromov to generalized pair of pants decomposition. Since
the degenerating hypersurfaces in this paper are not compact, results in [12]
do not apply directly. In section 4, proposition 4.1 is proved based on lemma
4.2, which is the main technical result that enables us to generalize estimates in
[12] to the complete manifold case here. In section 5, the approximate metrics
are constructed rather explicitly, which is an improvement over the formula in
[12] that would not apply to the complete manifold case. The construction and
estimates of the approximate metrics here are global in nature and are simpler
than the counterparts in [12]. Section 6 is essentially the same as its counter-
part in [12]. In section 7, we clarify the relation between the “large complex
structure limit” degeneration in this paper and general toroidal degeneration
discussed in [12]. In section 8, we apply general result from [14] to construct
minimal Lagrangian vanishing torus in our Ka¨hler-Einstein hypersurfaces here.
Convention of notations: (1) When we use gt to denote a Ka¨hler metric,
we will automatically use ωt to denote the corresponding Ka¨hler form and vice
versa. (2) When the Ka¨hler potential is log[Vt/(Ωt ∧ Ω¯t)] for volume Vt and
some holomorphic section Ωt of KXt , since the Ka¨hler metric is independent of
the choice of Ωt, by slight abuse of terminology, we will call the Ka¨hler potential
the logarithm of the volume form Vt and denote by logVt. (3) By A ∼ B, we
mean that there exist constants C2 > C1 > 0 such that C1B ≤ A ≤ C2B.
(4) Following convention in analysis, C is used to denote a constant that may
differ in different formulas. (5) A smooth function f(x) is called a bounded
smooth function of x if f(x) and all its multi-derivatives are bounded when x is
bounded. We have the following basic properties of bounded smooth functions:
Proposition 1.1 (i) If both f and g are bounded smooth functions, then f ◦ g
is also a bounded smooth function. (ii) If f(x) is a bounded smooth function
of x and |f(x)| > C > 0, then log f(x) is a bounded smooth function of x.
(Consequently, 1/f(x) = exp(− log f(x)) is a bounded smooth function of x.)
2 Background from Riemannian geometry
Notations in this section will not extend to other sections of this paper. Re-
sults in this section are all wellknown basic facts from Riemannian geometry.
We present them here due to our failure to find a source that is written in a
convenient enough form for us to quote from.
Let (X, g) be a Riemannian n-manifold, and {vi}
n
i=1 be vector fields that form
a frame field. Let αi be the dual 1-form fields, and g = gijαiαj . [vi, vj ] = a
k
ijvk.
Let {wi}
n
i=1 be another frame field and wi = b
j
ivj .
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Definition 2.1 The frame field {vi}
n
i=1 is called proper (with respect to g) if
akij, gij and all their multi-derivatives with respect to {vi}
n
i=1 are bounded and
det(gij) ≥ C > 0. We say that {vi}
n
i=1 is equivalent to {wi}
n
i=1 if b
j
i and all
their multi-derivatives with respect to {vi}
n
i=1 are bounded and det(b
j
i ) ≥ C > 0.
It is easy to verify the following
Proposition 2.1 Two proper frame fields {vi}
n
i=1 and {wi}
n
i=1 are equivalent
to each other. A frame field {wi}
n
i=1 that is equivalent to a proper frame field
{vi}
n
i=1 is also proper.
A Riemannian manifold (X, g) is said to have C∞-bounded curvature if the
curvature of (X, g) and all its covariant multi-derivatives are bounded. A smooth
tensor T on a Riemannian manifold (X, g) with C∞-bounded curvature is called
C∞-bounded with respect to (X, g) (or C∞g -bounded) if T and all its covariant
multi-derivatives are bounded. We have
Proposition 2.2 (X, g) has C∞-bounded curvature if for any point x ∈ X,
there exists a proper frame field {vi}
n
i=1 on a neighborhood Ux of x. A smooth
tensor T on such (X, g) is C∞-bounded if and only if T and all its multi-
derivatives with respect to the proper frame {vi}
n
i=1 are bounded in each Ux.
Proof: The connection coefficients Γkij can be expressed as rational functions of
akij , gij and their multi-derivatives with respect to {vi}
n
i=1, where denominators
can only be powers of det(gij). Consequently, the curvature of (X, g) and all its
covariant multi-derivatives can be expressed as rational functions of akij , gij and
their multi-derivatives with respect to {vi}
n
i=1, where denominators can only be
powers of det(gij). Therefore, when {vi}
n
i=1 is a proper frame field on Ux, (X, g)
has C∞-bounded curvature on Ux.
Notice that the difference of a covariant multi-derivative of T and the corre-
sponding multi-derivative of T with respect to {vi}
n
i=1 will be a bilinear com-
bination of (connection coefficients Γkij and their multi-derivative with respect
to {vi}
n
i=1) and (lower order multi-derivative of T with respect to {vi}
n
i=1). By
induction, we get the second part of the proposition.
(X, g) is said to be C∞-quasi-isometric to (X, g′) if (X, g) is quasi-isometric to
(X, g′), g has C∞-bounded curvature and g′ is C∞-bounded with respect to g.
Proposition 2.3 (X, g) is C∞-quasi-isometric to (X, g′) if and only if for any
point x ∈ X, there exists a frame field {vi}
n
i=1 on a neighborhood Ux of x that is
proper with respect to both g and g′. A smooth tensor T on X is C∞-bounded
with respect to g if and only if T is C∞-bounded with respect to g′.
5
Proof: Assume that (X, g) is C∞-quasi-isometric to (X, g′) and {vi}
n
i=1 is a
proper frame field with respect to g. Then det(g′ij) ≥ C1 det(gij) ≥ C2 > 0
and g′ is C∞-bounded with respect to g. By proposition 2.2, g′ij and all their
multi-derivatives with respect to {vi}
n
i=1 are bounded. Hence {vi}
n
i=1 is a proper
frame field with respect to g′.
Conversely, if {vi}
n
i=1 is proper with respect to both g and g
′, then g is quasi-
isometric to g′ and both g and g′ have C∞-bounded curvature (proposition 2.2).
Further more, by proposition 2.2, g′ being C∞g′ -bounded implies that g
′ and all
its multi-derivatives with respect to the proper frame {vi}
n
i=1 are bounded with
respect to {vi}
n
i=1. Consequently, g
′ is also C∞g -bounded. Therefore, (X, g) is
C∞-quasi-isometric to (X, g′).
By proposition 2.2, T on X is C∞-bounded with respect to g if and only if T
and all its multi-derivatives with respect to {vi}
n
i=1 are bounded if and only if
T is C∞-bounded with respect to g′.
Proposition 2.4 C∞-quasi-isometry is an equivalence relation.
Proof: The first part of proposition 2.3 implies that C∞-quasi-isometry is a
symmetric relation. Assume that (X, g) is C∞-quasi-isometric to (X, g′) and
(X, g′) is C∞-quasi-isometric to (X, g′′), then g′′ is C∞-bounded with respect to
g′. By the second part of proposition 2.3, we have that g′′ is also C∞-bounded
with respect to g. Consequently, (X, g) is C∞-quasi-isometric to (X, g′′).
Proposition 2.5 Assume that (X, gt) are C
∞-quasi-isometric to each other
uniformly for different t near 0, and lim
t→0
gt(x) = g0(x) for any x ∈ X. Then gt
converge to g0 on X in C
k-topology on the space of Riemannian metrics as t
goes to 0 for any k.
Proof: Since gt are C
∞-quasi-isometric to each other uniformly for different t.
For any sequence gtk with lim
k→∞
tk = 0, there exists a subsequence gtki that con-
verges (necessarily to g0 by the assumption of the proposition) in C
k-topology
on the space of Riemannian metrics as i goes to ∞ for any k. Consequently, gt
converge to g0 on F in C
k-topology on the space of Riemannian metrics as t
goes to 0 for any k.
3 Basic setting
Consider an integral convex polyhedron ∆ (in a rank l lattice M) with a
real valued convex function w = {wm}m∈∆ that determines a simplicial de-
composition of ∆. Let Z (Ztop) denote the set of (top dimensional) sim-
plices. Such w is clearly generic. We have the family of complex hypersurface
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Xt = {s
−1
t (0)} ⊂ NC∗
∼= (C∗)l, where N = M∨, st =
∑
m∈∆
twmsm, sm denotes
the monomial on NC∗ ∼= (C
∗)l corresponding to m ∈M .
Let Ω be the canonical holomorphic volume form on NC∗ ∼= (C
∗)l. For t 6= 0 and
m ∈ ∆, we have st/sm : NC∗ → C. Ωt,m = (t
wmΩ ⊗ (d(st/sm))
−1)|Xt defines
a section of KXt
∼= (KNC∗ ⊗K
−1
C
)|Xt . {Ωt,m}m∈∆ are holomorphic sections of
KXt with at most logarithmic singularities at the infinity.
et = {Ωt,m}m∈∆ : Xt → CP
|∆|−1
is an embedding that equals to the restriction to Xt of the natural embedding
it = {t
wmsm}m∈∆ : (C
∗)l → CP|∆|−1.
Let Yt = Image(it) and H = {z˜ ∈ CP
|∆|−1 :
∑
m∈∆ z˜m = 0}. Then Xt
∼= Yt∩H .
Yt has a natural set-theoretical limit Y0 in CP
|∆|−1.
Y0 =
⋃
S∈Z
TS , TS = {z˜ ∈ CP
|∆|−1 : z˜m 6= 0 (m ∈ S); z˜m = 0 (m 6∈ S)}. (3.1)
Let X0 = Y0 ∩H . We have X0 \ Sing(X0) =
⋃
S∈Ztop
X0,S , where X0,S = TS ∩H .
As set-theoretical limit of Xt, X0 generally has multiplicities.
To get the canonical multiplicity 1 algebraic limit of the family {Xt} when
t → 0, we will need the following basic construction of an algebraic variety
YΣ determined by a fan Σ ∈ M . For each σ ∈ Σ, there is an affine variety
Aσ = Spec(C[σ]). For σ, σ
′ ∈ Σ satisfying σ ⊂ σ′, there is a natural semi-group
morphism σ′ → σ that restricts to identity map on σ ⊂ σ′ and restricts to zero
map on σ′ \ σ, which induce the map hσσ′ : Aσ → Aσ′ . Using {hσσ′}σ,σ′∈Σ, we
may glue the affine pieces {Aσ}σ∈Σ into the singular variety YΣ. We have the
following natural canonical (Whitney) stratification
YΣ =
⋃
σ∈Σ
Tσ, where Tσ = (N/σ
⊥)⊗Z C
∗. (3.2)
For each polyhedron S ∈ Z and a vertex m ∈ S, there is the natural tangent
cone σm,S ⊂ M of S at m. For each m ∈ ∆, Σm = {σm,S}m∈S∈Z forms
a fan in M . The polyhedron S determines a toric variety PS . The fan Σm
determine a singular variety YΣm . For m ∈ S, the affine variety Aσm,S has
natural embeddings Aσm,S →֒ YΣm and Aσm,S →֒ PS . Using such embeddings,
we may glue {YΣm}m∈∆ and {PS}S∈Z together to form a variety YZ such that
YΣm ∩ PS = Aσm,S . We have the following natural canonical (Whitney) strati-
fication
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YZ =
⋃
S∈Z
T˜S , where T˜S = NS ⊗Z C
∗, NS = N/S
⊥. (3.3)
For each S ∈ Z, there is a natural finite cover i0,S = {sm}m∈S : T˜S → TS ⊂
CP
|∆|−1. Together, we have the global map i0 = {i0,S}S∈Z : YΣ → Y0 ⊂
CP
|∆|−1. Let X˜0 = i
−1
0 (X0) =
⋃
S∈Z X˜0,S , where X˜0,S = i
−1
0,S(X0,S). We have
e0,S = i0,S |X˜0,S : X˜0,S → X0,S ⊂ CP
|∆|−1 and e0 = i0|X˜0 : X˜0 → X0 ⊂
CP
|∆|−1. For each S ∈ Ztop, T˜S ∼= (C
∗)l, under the toric gauge wm = 0 for
m ∈ S, we have i0,S = lim
t→0
it and e0,S = lim
t→0
et. In such sense, we may think
of X˜0 (resp. YZ) as the canonical multiplicity 1 algebraic limit (canonical
limit for short) of the family {Xt} (resp. {Yt}) when t → 0. Each X˜0,S for
S ∈ Ztop is a so-called “generalized pair of pants”, which is a finite abelian cover
of {z ∈ (C∗)l|z1 + · · ·+ zl + 1 = 0}.
Remark: It is easy to see that all constructions in this section can also be car-
ried out (with slight modification), when w = {wm}m∈∆ is not generic, namely,
Z is a convex polyhedron decomposition instead of a simplicial decomposition
for ∆.
4 Basic estimates
In the estimates of the later sections, we quite often need to prove certain func-
tions on Xt are C
∞-bounded (uniformly with respect to t). The main goal of
this section is to prove proposition 4.1, which provides the technique for such
purpose. The proof of proposition 4.1 depends on the estimates (lemmas 4.1,
4.2) for the convex function w.
For m ∈ ∆, define
am = κ− log ηm, where ηm = ‖t
wmsm‖
2
t , ‖s‖
2
t = |s|
2
(∑
m∈∆
|t|2wm |sm|
2
)−1
,
and κ > 0 is a constant that will be determined later to make am suitably large.
Lemma 4.1 There exists a constant a > 0 such that for any x ∈ NC∗ the set
Sx,a = {m ∈ ∆|ηm(x) > t
a}
is a simplex in Z.
Proof: According to the definition of ηm, it is easy to see that w˜ = {w˜m}m∈∆
equals to the piecewise linear convex function w = {wm}m∈∆ up to the adjust-
ment of an affine function, where w˜m = (log ηm)/(2 log t) ≥ 0. Assume there
is a subset S˜ ⊂ Sx,a that forms a simplex not in Z. Since 0 ≤ w˜m ≤ a for
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m ∈ S˜, we may adjust w˜ by an affine function so that w˜m = 0 for m ∈ S˜ and
w˜m ≥ −C1a for m 6∈ S˜.
Generally, there exists a constant C2 > 0 that only depends on the equivalence
class of the strictly convex w modulo affine functions, such that infm∈∆wm ≤
−C2 for any simplex S 6∈ Z and adjustment of w by affine function (still denote
by w) satisfying wm = 0 for m ∈ S. If we take a < C2/C1 and S = S˜ 6∈ Z, we
have a contradiction. Therefore Sx,a is a simplex in Z.
Lemma 4.2 For any x ∈ NC∗, there exists Sx ∈ Ztop with the filtration S1(=
Sx,a) ⊂ · · · ⊂ SK(= Sx), numbers t1(= t
a) ≥ · · · ≥ tK > 0, and bk, ck > 0
for 1 ≤ k ≤ K such that ηm(x) ≥ t
ck
k for m ∈ Sk and t
bk
k ≥ ηm(x) for m ∈
(∆ \ Sk) ∩ (Mk \Mk−1), where Mk = Span(Sk), M0 = {0}.
Proof: Take S1 = Sx,a and t1 = t
a, lemma 4.1 implies that ηm(x) ≥ t1 for
m ∈ S1 and t1 ≥ ηm(x) for m ∈ ∆ \S1. Assume the lemma is true up to k. As-
sume that ηm(x) reaches maximum tk+1 at m = mk+1 for m ∈
⋃
S∈Z,Sk⊂S
S \Sk.
Let Sk+1 = Sk ∪ {mk+1} and Mk+1 = Span(Sk+1). Then it is easy to see
that there exist bk+1, ck+1 > 0 such that ηm(x) ≥ t
ck+1
k+1 for m ∈ Sk+1 and
t
bk+1
k ≥ ηm(x) for m ∈ ∆ ∩ (Mk+1 \ Mk). By induction, we get the desired
filtration and Sx.
Let S = {m0,m1, · · · ,ml} ∈ Ztop. Without loss of generality, we may normalize
w so that wmi = 0 for 0 ≤ i ≤ l. Then by convexity of w, we have wm > 0
for m 6∈ S. Without loss of generality, we may assume that ami is in ascending
order. Take coordinate z = (z1, · · · , zl), where zi = smi/sm0 . Then 1 ≥ |z1| ≥
· · · ≥ |zl|. We may identify m0 to be the origin of M . Then
sm/s0 = z
m =
l∏
i=1
zm
i
i , for m 6∈ S,
where (m1, · · · ,ml) is the coordinate ofm with respect to the basis {m1, · · · ,ml}
of M . Let Im = {i|1 ≤ i ≤ l, m
i 6= 0} and W 0j = amjzj
∂
∂zj
.
Lemma 4.3 Each derivative of a term in the following
1
amj
, zjP (amj ), z¯jP (amj ), for 1 ≤ j ≤ l;
twmzmP ({amj}j∈Im), t¯
wm z¯mP ({amj}j∈Im), for m ∈ ∆ \ S;
amj
am
, for m ∈ ∆ \ S and j ∈ Im;
(4.1)
with respect to {W 0j , W¯
0
j }
l
j=1 is a finite sum of products of a term of the same
form and a bounded smooth function of terms in (4.1). (Here P denote poly-
nomials. A term of the same form as
amj
am
will just be the same term, while a
term of the same form as zjP (amj ) may have different polynomial P .)
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Proof:
W 0k (log zj) = δjkamj .
W 0k (log amj ) = δjk − (amk |zk|
2)
1
amj
1
1 + |z|2
. (4.2)
W 0k (log am) = m
k amk
am
− (amk |zk|
2)
1
am
1
1 + |z|2
.
The conclusion of the lemma is an easy consequence of these computations.
Lemma 4.4 There exists a constant C > 0 such that when restricted to Xt,
near x ∈ Xt satisfying Sx = S, we have 1 ≥ |z1| ≥ C.
Proof: When restricted to Xt,
1 + z1 + · · ·+ zl +
∑
m∈∆\S
twmzm = s/s0 = 0.
Since we assumed that |z1| is the largest among |zi| for 1 ≤ i ≤ l, and when
Sx = S, m ∈ ∆ \ S is not in Sx,a ⊂ Sx. Consequently, |t
wmzm| = |sm/s0| ≤
|sm1/s0| = |z1| for m ∈ ∆ \ S. Therefore
1 = −

z1 + · · ·+ zl + ∑
m∈∆\S
twmzm

 ≤ |∆||z1|, 1 ≥ |z1| ≥ 1
|∆|
.
When restricted to Xt, under the coordinate (z2, · · · , zl), let Wj = amjzj
∂
∂zj
for 2 ≤ j ≤ l.
Lemma 4.5 When restricted to Xt, near x ∈ Xt satisfying Sx = S, each
derivative of a term in (4.1) with respect to {Wj , W¯j}
l
j=2 is a finite sum of
products of a term of the same form and a bounded smooth function of terms in
(4.1).
Proof: When restricted to Xt, near x ∈ Xt satisfying Sx = S,
z1 = −1− z2 − · · · − zl −
∑
m∈∆\S
twmzm
is clearly a bounded smooth function of terms in (4.1). Since 1 ≥ |z1| ≥ C > 0
(lemma 4.4), by proposition 1.1, z1,
1
z1
, log z1 and their complex conjugates are
all bounded smooth functions of terms in (4.1). Let f be a bounded smooth
function of terms in (4.1), then
Wk(f) =W
0
k (f) +Wk(z1)
∂f
∂z1
.
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The only term in Wk(f) that needs comment is
Wk(z1)
∂f
∂z1
= amkzk
∂z1
∂zk
∂f
∂z1
= −
1
am1
1
z1

zkamk + ∑
m∈∆\S
mktwmzmamk

W 01 (f).
This computation together with lemma 4.3 implies the desired result.
Proposition 4.1 Let f be a bounded smooth function of terms in (4.1). Near
x ∈ Xt satisfying Sx = S, f and its multi-derivatives with respect to {Wj , W¯j}
l
j=2
are bounded (uniformly with respect to t).
Proof: Since ηm ≤ 1, by taking the constant κ > 0 large, we can ensure that
am ≥ C > 0. When Sx = S, lemma 4.2 gives us the filtrations {Sk}
K
k=1 and
{Mk}
K
k=1. For m ∈ ∆ \ S and j ∈ Im, there exists k such that m ∈Mk \Mk−1.
Sincemj 6= 0, we havemj ∈ Sk. Lemma 4.2 then implies that ηm ≤ t
bk
k ≤ η
bk/ck
mj .
Hence there exists a C > 0 such that amj ≤ Cam. Consequently, the terms in
(4.1) are bounded (uniformly with respect to t). By lemma 4.5, we get the
desired results.
5 Construction and estimates of the approxi-
mate metrics
Choose the Fubini-Study metric ωFS on CP
|∆|−1, and define
ωˆt = e
∗
tωFS .
Then the Ka¨hler potential of ωˆt is the logarithm of the volume form
Vˆt =
∑
m∈∆
Ωt,m ⊗ Ω¯t,m.
Let
ht = κ
2
∑
S∈Ztop
A2S , AS = a
−1
S , aS =
∏
m∈S
am,
then
∂AS = −AS∂ log aS , ∂∂¯AS = −AS∂∂¯ log aS +AS∂ log aS ∂¯ log aS ,
i
2π
∂∂¯ log ht = −
i
2π
∑
S∈Ztop
λS∂∂¯ log a
2
S+ω
′ =
∑
S∈Ztop
λSωS+
(∑
m∈∆
2λm
am
)
ωˆt+ω
′,
where
11
ωS =
i
π
∑
m∈S
∂am∂¯am
a2m
, λS = A
2
S

 ∑
S∈Ztop
A2S


−1
, λm =
∑
S∋m
λS ,
ω′ =
i
2π
∑
S∈Ztop
λS∂ log a
2
S ∂¯ log a
2
S−
i
2π

 ∑
S∈Ztop
λS∂ log a
2
S



 ∑
S∈Ztop
λS ∂¯ log a
2
S


=
i
4π
∑
S,S′∈Ztop
λSλS′∂(log a
2
S − log a
2
S′)∂¯(log a
2
S − log a
2
S′).
Let Vt = htVˆt, then we have the Ka¨hler form of the approximate metric
ωt =
i
2π
∂∂¯ logVt = ωˆt +
i
2π
∂∂¯ log ht
=
(
1 +
∑
m∈∆
2λm
am
)
ωˆt +
∑
S∈Ztop
λSωS + ω
′.
Lemma 5.1 Near x ∈ Xt satisfying Sx = S, ωt is quasi-isometric to
ω◦S =
i
π
l∑
i=2
1
a2mi
dzidz¯i
|zi|2
.
Proof:
∂ami =
dzi
zi
+
l∑
k=1

‖smk‖2t + ∑
m∈∆\S
mk‖sm‖
2
t

 dzk
zk
Since ‖sm‖
2
t = O(t
a) for m ∈ ∆ \ S, we have
l∧
i=1
∂ami =
(
1 +
l∑
k=1
‖smk‖
2
t +O(t
a)
)
l∧
i=1
dzi
zi
.
Consequently,
i
π
l∑
i=1
∂ami ∂¯ami
a2mi
is quasi-isometric to
i
π
l∑
i=1
1
a2mi
dzidz¯i
|zi|2
. It is
straightforward to verify the following:
(1)
i
π
l∑
i=1
∂ami ∂¯ami
a2mi
is quasi-isometric to
∑
S∈Ztop
λSωS + ω
′,
(2)
i
π
l∑
i=1
1
a2mi
dzidz¯i
|zi|2
dominates ωˆt,
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(3)
i
π
l∑
i=1
1
a2mi
dzidz¯i
|zi|2
is quasi-isometric to
i
π
l∑
i=2
1
a2mi
dzidz¯i
|zi|2
.
Combining these, we get the desired conclusion.
Proposition 5.1 Near x ∈ Xt satisfying Sx = S, ωt is C
∞-quasi-isometric to
ω◦S, and the basis {Wj , W¯j}
l
j=2 is proper with respect to both metrics.
Proof: It is straightforward to check that the coefficients of [Wj ,Wk], [Wj , W¯k],
[W¯j , W¯k] with respect to the basis {Wj , W¯j}
l
j=2 are all bounded smooth func-
tions of terms in (4.1). For example,
[Wj ,Wk] =Wj(log amk)Wk −Wk(log amj)Wj .
Wj(log amk) =W
0
j (log amk)−
amj
am1z1

zj + ∑
m∈∆\S
mjtwmzm

W 01 (log amk).
By (4.2), Wj(log amk) is clearly a bounded smooth function of terms in (4.1).
By proposition 4.1 and proposition 2.2, we have that {Wj , W¯j}
l
j=2 is proper
with respect to ω◦S.
It is straightforward to check that the coefficients of ωt with respect to the basis
{Wj , W¯j}
l
j=2 are all bounded smooth functions of terms in (4.1). By proposition
4.1, lemma 5.1 and proposition 2.2, we have that {Wj , W¯j}
l
j=2 is also proper
with respect to ωt. Consequently, ωt is C
∞-quasi-isometric to ω◦S .
Proposition 5.2 The curvature of gt and its derivatives are all uniformly bounded
with respect to t.
Proof: This is a direct consequence of propositions 5.1 and 2.2.
Lemma 5.2 Near x ∈ Xt satisfying Sx = S,
Vˆt = (1 + |z|
2 +O(ta))Ωt,m0 ⊗ Ω¯t,m0 = (1 +O(t
a))
1 + |z|2
|z1|2
l∏
i=2
dzidz¯i
|zi|2
.
Proof: Notice that twmzm = O(ta) for m ∈ ∆ \S. The first equality is obvious
from the formula
Vˆt = (1 + |z|
2 +
∑
m∈∆\S
|twmzm|2)Ωt,m0 ⊗ Ω¯t,m0 .
Since st/sm0 = 1+z1+ · · ·+zl+
∑
m∈∆\S
twmzm, d(st/sm0) =
l∑
i=1
(zi+O(t
a))
dzi
zi
.
The second equality is a direct consequence of
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Ωt,m0 = (Ω⊗ (d(st/sm0))
−1)|Xt = (1 +O(t
a))
1
z1
l∏
i=2
dzi
zi
.
Assume e−φt =
ωl−1t
Vt
, we have
Proposition 5.3 |φt| is bounded independent of t.
Proof: According to lemmas 5.2 and 5.1 and the definition of ht, we have
e−φt =
ωl−1t
Vt
=
ωl−1t
htVˆt
∼ 1.
Therefore |φt| is bounded independent of t.
Proposition 5.4 For any k, ‖φt‖Ck,gt is uniformly bounded with respect to t.
Proof: With proposition 5.3, it is straightforward to check that φt is a bounded
smooth function of terms in (4.1). Applying proposition 4.1 and proposition 5.1,
we get the desired result.
Let ψt : X˜0 \ Sing(X˜0) → Xt be the Hamiltonian-gradient flow (lifted to
X˜0 \ Sing(X˜0) from X0 \ Sing(X0)) with respect to the family Xt ⊂ CP
|∆|−1
under the Fubini-Study metric. Then ψ0 = e0. As discussed in [13] and the ref-
erences therein, the Hamiltonian-gradient flow ψt for a general family {Xt, gt}
with total space (X , g) satisfying g|Xt = gt is defined along radial direction
Iθ0 = {t = re
iθ0 : 0 ≤ r < 1}, and is completely determined by the restriction
{Xt, gt}t∈Iθ0 . The flow ψt for a similar situation was discussed in the remark at
the end of [11]. The fact that we will need of the flow is that locally near any
compact set F ∈ X˜0 \ Sing(X˜0), the flow {ψt}t∈Iθ0 is a bounded smooth family
of smooth diffeomorphisms, which is obvious because the Hamiltonian-gradient
vector field is smooth in such region.
Let h0|X˜0,S = h0,S|X˜0,S = κ
2A2S for each S ∈ Ztop, and ω˜0 = ωˆ0 +
i
2π∂∂¯ log h0,
where ωˆ0 = e
∗
0ωFS . Then we have
Proposition 5.5 The approximate metric gt on Xt will converge to the com-
plete metric g˜0 on X˜0 \ Sing(X˜0) in the sense of Cheeger-Gromov: for any
compact subset F ⊂ X˜0 \Sing(X˜0), ψ
∗
t gt converge to g˜0 on F in C
k-topology on
the space of Riemannian metrics as t goes to 0 for any k.
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Proof: Without loss of generality, we may assume that F is a compact subset
in X˜0,S for fixed S ∈ Ztop. Since e0(F ) is a compact subset in TS , there exists a
constant C > 0 and a choice of small neighborhood US ⊂ CP
|∆|−1 of e0(F ) such
that 1 ≥ |z1| ≥ · · · ≥ |zl| ≥ C in US . Hence, for x ∈ Xt ∩ US , we have Sx = S.
And it is straightforward to see that {Wj , W¯j}
l
j=2 is equivalent to {
∂
∂zi
, ∂∂z¯i }
l
i=2
in Xt ∩US. By propositions 2.1 and 2.3, we have that gt is C
∞-quasi-isometric
to gˆt in Xt∩US , uniform with respect to t. It is also straightforward to see that
{ψ∗t
∂
∂zi
, ψ∗t
∂
∂z¯i
}li=2 are equivalent to each other for different t. Hence ψ
∗
t gˆt are
C∞-quasi-isometric to each other for different t. Consequently, ψ∗t gt are C
∞-
quasi-isometric to each other uniformly for different t. It is straightforward to
see that lim
t→0
ψ∗t gt = g˜0 on F as tensors under C
0-topology. By proposition 2.5,
we have ψ∗t gt converge to g˜0 on F in C
k-topology on the space of Riemannian
metrics as t goes to 0 for any k.
6 Construction and degeneration of the Ka¨hler-
Einstein metrics
In [17], using the Monge-Ampe`re estimate of Aubin and Yau, Tian essentially
proved the following theorem when Xt are compact. The case when Xt are
complete can be proved in exactly the same way if one uses the Cheng-Yau’s
Monge-Ampe`re estimate for complete manifold instead ([4]).
Theorem 6.1 Assume that φt, the curvature of gt and their multi-derivatives
are all bounded uniformly independent of t, the approximate metrics gt on Xt
converge to the complete metric g˜0 on X˜0 \ Sing(X˜0) in the sense of Cheeger-
Gromov, then the complete Ka¨hler-Einstein metric gKEt on Xt will converge
to the complete Ka¨hler-Einstein metric gE,0 on X˜0 \ Sing(X˜0) in the sense of
Cheeger-Gromov.
Theorem 6.2 The complete Cheng-Yau Ka¨hler-Einstein metrics gKEt on Xt
satisfying Ric(gKEt ) = −g
KE
t converge to the complete Cheng-Yau Ka¨hler-Einstein
metric gE,0 on X˜0 \ Sing(X˜0) in the sense of Cheeger-Gromov.
Proof: This theorem is a direct corollary of theorem 6.1 and propositions 5.2,
5.4, 5.5.
It is easy to see that our construction actually implies the following asymptotic
description of the family of Ka¨hler-Einstein metrics.
Theorem 6.3 Ka¨hler-Einstein metric gKEt on Xt is uniformly C
∞-quasi-isometric
to the explicit approximate metric gt. More precisely, there exist constants
C1, C2 > 0 independent of t such that C1gt ≤ g
KE
t ≤ C2gt and g
KE
t is uni-
formly C∞-bounded with respect to gt.
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Proof: The uniform C0-estimate of the complex Monge-Ampe`re equations im-
plies that C1ω
l−1
t ≤ (ω
KE
t )
l−1 ≤ C2ω
l−1
t for some C1, C2 > 0. The uniform
C2-estimate of the complex Monge-Ampe`re equations implies that Trgtg
KE
t is
uniformly bounded from above. Consequently, gKEt is uniformly quasi-isometric
to gt. The uniform complex Monge-Ampe`re estimates based on the uniform
estimates in propositions 5.3, 5.2, 5.4 imply that gKEt is uniformly C
∞-bounded
with respect to gt.
7 Toroidal degeneration
Although the degenerations discussed in this paper are examples of toroidal
degenerations, due to the special structure of our situation, we are able to
construct the degeneration family of Ka¨hler-Einstein metrics directly without
incurring the general theory of toroidal degeneration. Therefore, the discussion
in this section is not absolutely necessary for other sections of this paper, but
will serve to reveal the underlying algebraic degeneration structure.
As one may observe, the degenerations discussed in our paper are somewhat
more general than usual algebraic degenerations. In algebraic geometry, degen-
erations are usually over a disc D = {|t| < 1} ⊂ C with the central fibre X0
over t = 0 being the singular fibre. In our situation, since w is not necessar-
ily rational, there are multi-fibres Xt over each t 6= 0, while there is only one
singular fibre X0 over t = 0. We will call such degeneration R-degeneration.
To avoid multi-fibres, we may consider the restriction of the degeneration to
a ray Iθ0 = {t = re
iθ0 : 0 ≤ r < 1} for a fixed angle θ0 or a fan-like region
Dθ0,ǫ = {t = re
iθ : 0 ≤ r < 1, θ0 − ǫ ≤ θ ≤ θ0 + ǫ}.
Recall that M is an integral lattice, and N =M∨. Consider w = {wm}m∈Σ′′(1),
where Σ′′(1) is a finite subset of primitive elements inM whose real convex span
is MR, and w is convex at the origin (in another word, w can be adjusted by a
linear function on M such that wm > 0 for m ∈ Σ
′′(1)). Then there exists the
maximal piecewise linear function p on M satisfying p(m) ≤ wm for m ∈ Σ
′′(1).
Let Σ′(1) be the subset of Σ′′(1) such that p(m) = wm, and Σ(1) be the subset
of Σ′(1) such that p is not linear near m for m ∈ Σ′(1). p determines a complete
fan Σ on M with Σ(1) identified with the set of 1-dimensional cones in Σ. We
will assume w to be generic, then Σ will be a simplicial fan. w is called convex
(resp. strictly convex) if Σ′′(1) = Σ′(1) (resp. Σ′′(1) = Σ(1)). In particular,
w′ = w|Σ′(1) is convex and w
′′ = w|Σ(1) is strictly convex.
For t 6= 0, it = {sm(z)}m∈Σ′′(1) : NC∗ → C
|Σ′′(1)| with sm(z) = t
wmzm defines
a family of toric embedding. Let Xt = it(NC∗) and X0 =
⋃
σ∈Σ
X0,σ ⊂ C
|Σ′(1)|,
where X0,σ = i0,σ(NC∗) with i0,σ = {z
m}m∈Σ′(1)∩σ : NC∗ → C
|Σ′(1)∩σ| ⊂
C|Σ
′′(1)|. X0 is the set-theoretical limit of Xt in C
|Σ′′(1)| as t→ 0. Such degen-
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eration {Xt} is called toric degeneration (determined by w). Two toric degen-
erations with the same X0 are said to be equivalent to each other. Among
all the toric degenerations with the same w′′ = w|Σ(1), there is a minimal
equivalent class determined by toric degeneration satisfying w′′ = w, there is
also a maximal equivalent class determined by toric degenerations satisfying
SpanZ(Σ
′(1) ∩ σ) = SpanZ(σ) for all σ ∈ Σ. General toric degenerations de-
generate Xt to different components of X0 with possibly different multiplicities,
while the maximal toric degeneration is simple, namely, it degenerate Xt to X0
with multiplicity 1.
A degeneration {Xt} is called toroidal if it is locally a toric degeneration times
a smooth manifold.
Lemma 7.1 {Xt} and {Yt} defined in section 3 are toroidal degenerations at
t = 0.
Proof: Since the hypersurface H intersects each smooth strata of Y0 trans-
versely, we only need to verify the lemma for {Yt}.
For S ∈ Z, w defined in the beginning of section 3 can be adjusted by affine func-
tion onM so that wm = 0 form ∈ S and wm > 0 form ∈ ∆\S. Let F be a com-
pact subset in TS . Then for x ∈ Yt near F , we have S ⊂ Sx = {m0,m1, · · · ,ml}.
Assume S = {m0,m1, · · · ,ml′} for some l
′ ≤ l. Then locally near F , we have the
map it = (i
′
t, i
′′
t ) : Yt → C
|∆|−1 with i′t = (z1, · · · , zl′) and i
′′
t = {t
wmzm}m∈∆\S.
Since F ⊂ TS is compact, we have C1 ≥ |zi| ≥ C2 > 0 for 1 ≤ i ≤ l
′. Conse-
quently, i′′t is naturally a toric degeneration and {Yt} near F is a toric degener-
ation family times i−10,S(F ), where i0,S : (NS)C∗ → TS is a finite cover.
It is not hard to check that the canonical limit X˜0 (resp. YZ) defined in section
3, when restricted to each local toric degeneration model, is exactly the simple
maximal toric degeneration limit of {Xt} (resp. {Yt}).
8 The minimal Lagrangian vanishing torus
In [14], we constructed minimal Lagrangian vanishing torus for toroidal de-
generation family of Ka¨hler-Einstein manifolds discussed in [12] near maximal
degeneracy points. In this section, we will apply results in [14] to construct min-
imal Lagrangian vanishing torus in (Xt, g
KE
t ) near maximal degeneracy points
in X0. The maximal degeneracy points in X0 are 0-dimensional stratas in X0.
They are the intersections of 1-dimensional stratas in Y0 and H . 1-dimensional
stratas in Y0 correspond to 1-simplices in Z. Let S1 = {m0,m1} ∈ Z be a
1-simplex. Let Mˆ =M/Z(m1 −m0), with the projection π : M → Mˆ . We will
use Σˆ(1) ⊂ Mˆ to denote the image of ∆S1 =
⋃
S1⊂S∈Z
(S \ S1) ⊂M into Mˆ . Let
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Zˆ denote the set of simplices π(S\S1) in Mˆ for S ∈ Z satisfying S1 ⊂ S. Adjust
{wm}m∈∆ by affine function, we may assume wm0 = wm1 = 0 and wm ≥ w˜ for
m ∈ ∆ \ S1 and a constant w˜ > 0.
For m ∈ ∆S1 , define sˆmˆ = (sm/sm0)|Tˆ , where mˆ = π(m), Tˆ = {x ∈ (C
∗)l :
sm1(x) = −sm0(x)}. {t
wm sˆmˆ}mˆ∈Σˆ(1) : Tˆ → C
|Σˆ(1)| defines a toric degeneration.
Let Nˆ = Mˆ∨ = (m1−m0)
⊥. There is the natural moment map F : Tˆ ∼= NˆC∗ →
NˆR. Recall from [14]
∆τ = {x ∈ NˆR|〈mˆ, x〉+ τwm ≥ 0, for mˆ ∈ Σˆ(1)}, where τ = − log |t|.
On F−1(∆τ ) ⊂ Tˆ , define a family of toric Ka¨hler metrics g
tor
t with Ka¨hler
potential ρτ = log hˆt, where
hˆt =
∑
S∈Zˆtop
Aˆ2S , AˆS = aˆ
−1
S , aˆS =
∏
mˆ∈S
aˆmˆ, aˆmˆ = − log |t
wm sˆmˆ|
2.
Let O be a maximal degeneracy point in X0. Then locally near O, Xt can
be identified with F−1(∆τ ). More precisely, we will use the coordinate {zk =
smk/sm0}
l
k=2 with respect to a fixed S∗ = {m0, · · · ,ml}(
∼= {m0,m1} ∪ Sˆ∗) ∈
Ztop as toric coordinate for the identification, where Sˆ∗ ∈ Zˆtop.
Lemma 8.1 There exists constant µ > 0 so that gtort is C
∞-quasi-isometric to
gt on F
−1(∆τ−µ) uniformly for τ large.
Proof: For x ∈ Xt ⊂ NC∗ , Let Sx ∈ Ztop denote the simplex chosen in lemma
4.2. When x is near O, Sx contains S1 = {m0,m1}. Assume that Sx =
{m0, · · · ,ml} ∼= {m0,m1} ∪ Sˆx, where Sˆx ∈ Zˆtop. Choose {zk = smk/sm0}
l
k=1
and z = {zk}
l
k=2 to be coordinates of NC∗ and Xt near O. Choose zˆ = {zˆk =
sˆmˆk}
l
k=2 to be the coordinate for F
−1(∆τ ) ⊂ Tˆ . Recall that Xt near O is
identified with F−1(∆τ ) using the fixed S∗. z and zˆ are identified under such
identification if Sx = S∗. In general, Sx is not necessarily equal to S∗ and
the coordinate transformation is generally, zˆj = zj(−z1)
dj for 2 ≤ j ≤ l.
zj
∂
∂zj
= zˆj
∂
∂zˆj
+ dk
zj
z1
∂z1
∂zj
zˆk
∂
∂zˆk
.
By proposition 5.1, {Wj , W¯j}
l
j=2 is a proper basis for gt. With similar (and
slightly simpler) arguments as in the proof of proposition 5.1, one can see that
{Wˆj ,
¯ˆ
W j}
l
j=2 is a proper basis for g
tor
t , where Wˆj = aˆmˆj zˆj
∂
∂zˆj
. We have
Wj = b
k
j Wˆk =
amj
aˆmˆj
Wˆj + dk
amjzj
aˆmˆkz1
∂z1
∂zj
Wˆk.
det(bkj ) =
aSˆx
aˆSˆx

1 + l∑
j=2
dj
zj
z1
∂z1
∂zj

 , where aSˆx = ∏
m∈Sx\S1
am.
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zˆ ∈ F−1(∆τ−µ) implies that aˆm ≥ w˜µ and |t
wm zˆmˆ| ≤ e−w˜µ for m ∈ ∆S1 .
Since log |z1|
2 is bounded by lemma 4.4, we also have |twmzm| = O(e−w˜µ) for
m ∈ ∆ \ S1. Notice that
am0 = κ+ log

1 + |z1|2 + ∑
m∈∆\S1
|t|2wm |zm|2


is also bounded. It is easy to verify that
amj
aˆmj
= 1 +
am0 − dj log |z1|
2
aˆmj
.
When µ is large enough, we have amj/aˆmj = 1 + O(1/µ) for 2 ≤ j ≤ l. Conse-
quently, aSˆx/aˆSˆx = 1 +O(1/µ). On the other hand,
zj
∂z1
∂zj
= twmj zj +
∑
m∈∆\Sx
mjtwmzm = O(e−w˜µ).
Consequently, when µ is large, we have det(bkj ) = 1 +O(1/µ, e
−w˜µ) ≥ C > 0.
It is straightforward to verify that bkj are bounded smooth functions of terms
in (4.1) using above computations and proposition 1.1. Then proposition 4.1
implies that bkj and their multi-derivatives with respect to {Wj , W¯j}
l
j=2 are
bounded. Consequently, {Wj , W¯j}
l
j=2 is equivalent to {Wˆj ,
¯ˆ
W j}
l
j=2. By propo-
sitions 2.1 and 2.3, we get the desired conclusion.
Let {gtort } be a smooth family of toric Ka¨hler metrics and {g
KE
t } be a smooth
family of Ka¨hler-Einstein metrics defined on the family of spaces {F−1(∆τ )}.
Theorem 4.1 in [14] can be rephased as the following:
Theorem 8.1 For certain fixed µ, if gtort and g
KE
t defined on F
−1(∆τ ) are
C∞-quasi-isometric on F−1(∆τ−µ) (uniform with respect to t), and the Ka¨hler
potential ρτ of the toric Ka¨hler metric g
tor
t (viewed as a function on ∆τ ) satisfies
ρτ (x) − ρ1(x/τ) = C(τ) for x ∈ ∆τ and lim
c→1
ρ1|∂∆c = +∞, then there exists a
smooth family of minimal Lagrangian torus Lt ⊂ (Xt, ω
KE
t ).
Theorem 8.2 Let O be a maximal degeneracy point in X0. Then there exists
a smooth family of minimal Lagrangian torus Lt ⊂ (Xt, ω
KE
t ) for t small that
approaches O when t approaches 0.
Proof: We will take gtort as the toric metric defined earlier on F
−1(∆τ ). As
discussed earlier in this section, Xt near O can be identified with F
−1(∆τ ). We
will take gKEt to be the restriction to F
−1(∆τ ) of the Ka¨hler-Einstein metric on
Xt. Lemma 8.1 implies that g
tor
t is C
∞-quasi-isometric to gt on F
−1(∆τ−µ).
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Theorem 6.3 implies that gt is C
∞-quasi-isometric to gKEt . Consequently, g
tor
t
is C∞-quasi-isometric to gKEt by proposition 2.4. From the definition of ρτ , it
is easy to observe that ρτ (x) = ρ1(x/τ) − 2(l + 1) log τ and lim
c→1
ρ1|∂∆c = +∞,
apply theorem 8.1, we get the desired result.
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